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Fractal pharmacokinetics of the drug mibefradil in the liver
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We explore the ramifications of the fractal geometry of the key organ for drug elimination, the liver, on
pharmacokinetic data analysis. A formalism is developed for the use of a combination of well-stirred Euclidean
and fractal compartments in the body. Perturbation analysis is carried out to obtain analytical solutions for the
drug concentration time evolution. These results are then fitted to experimental data collected from clinically
instrumented dogksee, A. Skerjaneet al,, J. Pharm. Sci85, 189(1995] using the drug mibefradil. The thus
obtained spectral fractal dimension has a range of values that is consistent with the value found in indepen-
dently performed ultrasound experiments on the liver.
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[. INTRODUCTION 2(b). Initially, invasion is much larger than elimination, so
the curve climbs steeply upward. Invasion then decreases

Pharmacokinetics is concerned with the quantification ofvhile elimination increases until the two become equal, giv-
the fate of a drug in the bodjl]. It can reveal valuable ing rise to the maximum compartment concentration. After
information about the path of a drug, its volume of distribu-the peak value, both absorption and elimination decrease and
tion, its metabolism, and eliminatidi2]. Traditionally, phar- the curve slopes downwards. In the majority of cases, the
macokinetic models involve compartmentalized systemsgonstant of absorption is much higher than the constant of
where the invasion and elimination of a drug from a particu-elimination, and the absorption rate becomes negligible after
lar compartment is modeled by a series of simple exponerthe peal6]. Such a curve has been traditionally modeled by
tials due to the governing first-order chemical kinetics ap-2 sum of exponentials that works well for short to moderate
proach[3]. times[6].

The fundamental problem of pharmacokinetics is to math- One problem with the traditional models is that they rely
ematically describe the course of a drug through the bodpn the assumption of first-order kinetic processes, where
[4]. Conventionally, the spaces through which the drug traveach compartment is considered to be homogeneous, or
els are divided into compartments, and the invasion andwell stirred.” In other words, there is an instantaneous equi-
elimination of the drug from each compartment are ex-librium reached after the appearance of the drug in a com-
pressed in terms of the relevant kinetic rate constants. Anpartment. Numerous attempts to overcome this simplification
foreign substance introduced into the body appears in thBave been made, including the development of parallel tube
blood and then passes to other tissues or fluids by simplgodels, dispersive models, the incorporation of physiologi-
diffusion until it is metabolized and/or eliminated. The ex- cal attributes such as the perfusion of body tissues, araian
travascular compartments may include the gastrointestindloc use of power functions of timg7,8]. Unfortunately, all
tract, the liver, urine, or sweat. Conventional pharmacokinetthese methods still have limitatiofi8]. Recently, however, it
ics treats the spaces through which a drug passes as indlas been proposed that fractal theory may be applied to phar-
vidual compartments connected in series or parallel. Eacmacokineticd9]. Although fractal kinetics has been studied
compartment is typically envisioned as a homogeneous erfor some time and has been applied to the flow of blood in
tity that represents an average stgig the body{10-12, it was not until 1996 that the techniques of

To understand the mechanics of a compartment model, wiactal analysis were applied to pharmacokinef4.3]. For
may look at the three-compartment example in Fig. 1, whictexample, Macheras[9] developed what he calls a
depicts the movement of a drug injected into muscular interhomogeneous-heterogeneous distribution model based on the
stitial tissue. From the muscle, the drug enters the blood antiactal properties of blood flow.
from there is reversibly transferred to the extravascular From a drug's site of administration, the blood is the pre-
space. The kinetic coefficieRp; represents elimination from dominant method of transport through the body to the drug’s
the first compartment,, represents excretion, arkg; and final destination. Conventionally, the blood is treated as a
ks, represent rates of transfer. The indices denote the direg¢imple compartment, although the vascular system is highly
tion of transfer, sdk,, indicates flow into the second com-

partment from the first whild,; indicates flow to compart- <k2L

ment three from compartment two, etc. Cow | 5] Cps |5 Cpe
Pharmacological data generally consists of concentration kot ko, k32

versus time measurements for each compartment. Typical

curves for pure absorption and pure elimination after a bolus

doseD, are shown schematically in Fig(@2. When there is FIG. 1. Basic pharmacokinetic model for a drug that is absorbed
simultaneous invasion and elimination, the combined coninto muscle, distributed, and eventually eliminated by the blood, but
centration versus time curve takes the form given in Figreversibly transferred to the extravascular space.
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FIG. 2. Typical pure eliminationl) and pure invasion(l) i

curves.(b) Simultaneous invasion and elimination curve. hepatic
vemn ] hepatic
complex and consists of an estimated 96 000 km of vessels ) artery,
[14]. Recently, however, the fractal nature of the vascular Liver 1
network has been described, providing a simple way to take A
the complex geometry of the vascular system into account '
[15]. .
Numerous studies have been done to apply fractals to portal vein Intestines

general kinetic theory16—19, but surprisingly little work
has been done on fractal pharmacokinetic théaey21], vir- FIG. 3. Simplified diagram of the course of mibefradil through

tually none of it being quantitative. Consequently, the pur-the body.
pose of this paper is to investigate the application of fractal
theory to pharmacokinetics. In addition to providing an ex-bilities have been mentioned including nonlinear absorption
periment for the treatment of the liver as a fractal object, weand/or elimination, and product inhibition that can lead to
develop here a practical kinetic description of the process oflose and time-dependent changes in elimination kinetics. We
drug elimination from the bloodstream. To make the argu-believe that the fractal structure of the liver with the atten-
ment convincing we illustrate the model with an applicationdant kinetic properties of drug elimination may be respon-
to a particular data set that was collected by Skerjated.  sible for some of the nonstandard behavior.
[22] using the drug mibefradil on clinically instrumented
dogs.

The objective of the first study performed by Skerjanec Il FRACTAL STRUCTURE OF THE LIVER
et al. [22] was to assess the suitability of mibefradil as a In an attempt to bring some aspects of physical analysis to
model for human pharmacokinetics. Mibefradil is a calciumbear on the study of the pharmacokinetics of mibefradil, the
antagonist currently being developed to reduce ventriculaphysical structure of the liver, the main site of the drug’s
fibrillation [23,24]. Tam and co-workers found that, similar metabolism[ 23,24 is selectively considered. It appears that
to drugs in humans, the kinetics of mibefradil in dogs be-in humans the liver is the largest visceral organ and it pos-
comes nonlinear with increasing oral dose. Skerjagteal.  sesses unusual microcirculatory pathwE25. It is supplied
[22] stated, however, that it was not possible to quantify thewith blood by both the hepatic artery and the hepatic portal
contribution of organs involved in presystemic metabolismvein, thus being the first structure to receive xenobiotically
and their role in the nonlinear kinetic behavior of mibefradil. laden blood from the intestin¢&6].
To explore this nonlinearity further, Skerjanetal.[22] per- Elias[27] defines the liver as a continuous mass of paren-
formed a second, physiological study using four chronicallychymal cells tunneled by vessels through which venous
instrumented female dogs ranging in weight from 19 to 24blood flows on its way from the gut to the heart. The circu-
kg. Three single oral doses of 1, 3, and 6 mg/kg each, #ation in the liver can be divided into the macrocirculation
multiple oral dose treatment of 1.5 mg/kg every 12 h forand the microcirculation. The former is comprised of the
eight days, ad a 1 mg/kg for 10 min intravenous dose into portal vein, hepatic artery, and hepatic veins, while the latter
the cephalic vein were administered to each dog in randomonsists of the portal vein, hepatic arterioles, and the sinuso-
order, with a one-week break between treatments. Bloodds [25]. The sinusoids are the specialized capillaries of the
samples were drawn from catheters placed in the jugulaliver that form an uninterrupted three-dimensional network
vein, coronary artery, hepatic vein, and portal vein, providingand are fully permeable to substances.
a series of plasma concentration versus time profiles. The This macrocirculation spans the axes of the liver while
hypothesized path of mibefradil through the body of the dogbranching into successively smaller vessels. At the anatomi-
is depicted in Fig. 3. Note that there is a feedback loop intacal level, there exist small histological units, called lobules,
the liver via the aorta. made up of an interlacing channel network of sinusoids sup-

The results of the study by Skerjanetal. [22] showed plied with blood and drug by the terminal ends of the portal
that the liver is the major site of drug elimination from the venules and hepatic arterioles. Between the individual sinu-
body. The conclusions of this study were that the nonlineasoids of the interior of a lobule, one-cell-thick sheets of
kinetics of mibefradil in dogs is mainly due to dose andhepatocytes are interspersé@8,29. Facing the blood
time-dependent reduction of hepatic clearance. At presengpaces, the convoluted uptake surface of the hepatocytes ex-
the cause of this reduction is not known but several possipands the blood-tissue interface by the presence of numerous
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(a) (b) ~%F, led to new investigations and theories in many areas of
YF, (1= y)F anatomy, physiology, and body mechanics. For example, the
F, F, 0 spatial heterogeneity that exists within isogravitational

(1=~)F. planes has traditionally been attributed to randomness. The
v V)50 discovery of the fractal nature of the blood vessels, however,
(1-7)%Fy indicated that the distribution of flow within an organ may be
fractal as well. In fact, this phenomenon has been observed
in vessels supplying the lungs, heart, and liyE2,28,29.

By the observations that the liver has a hierarchical struc-
ture with complications at many length scales from the order

microvilli. Separating the hepatocytes and the blood space, {&f its macroscopic diameter to the order of the macromolecu-
a topologically complex endothelium lining that defines the!l@ makeup of the matrix within the space of Disse, it is
minute passages of the sinusoids. The fenestrae of the endbPothesized that the liver is a fractal-like object. That the
helium allow direct access of drug within the circulating Structure of, and blood flow heterogeneity in, the liver and
plasma to the surface of the hepatocytes via the space &Fher wscer_al organs is fractal, has been_ sug_ges_ted and at
Disse. A very thin but functional and distinct extracellular iMes experimentally tested before, especially in fields out-
space of the liver, comprising the space of Disse, exterior t§ide Of pharmacology and pharmacokine{it6—12,30,31

the sinusoid, contains both collagen fibers and ground su-C" €xa@mple, by means of analysis of ultrasonic wave scat-
stance, wherein the microvilli of the hepatocytes extend!®"ng from calf liver tissue, Javanal@2] measured the
Summarily stated, observations of the liver reveal an analractal dimension of the liver as approximately~2 over a

tomically unique and complicated structure over a range ofv@velength domain of 0.15-1.5 mm. Correspondingly, the

length scales designating the space where mibefradil metabfVe': as experienced by the drug mibefradil, will be assumed

lism takes place. here as being well approximated by a fractal between experi-

It is the special geometry of the microvascular system thaf"entally relevant length scal¢20].
first led researchers to postulate the fractal nature of regional
flow networks. The vessels of one generatiqn bifurcate 0 |, |\ MPLICATIONS OF ORGAN FRACTALITY ON
form vessels of the next generation in a continuous process PHARMACOKINETICS
towards smaller and smaller vessels. Furthermore, the geom-
etry of the daughter branches is not random. Extensive re- A deeper analysis of the metabolism of mibefradil in the
search of the vessels feeding the kidney, lungs, and heart héiger requires a description of transport phenomena with
shown that a scaling relation holds for branch lengthschemical reactions in complex media. This can be performed
branch diameters, radius-to-length ratios and intra-arteridby means of fractal geometry, using two basic exponents: the
pressure$l2]. Consequently, the flow into tissues is not ran-fractal and spectral dimensions. It must be stressed, however,
domly distributed among the regional vessels. A distinguishthat a proper level of approximation for reaction-diffusion
ing characteristic of vascular bifurcation is that the twophenomena in complex fractal media is still an open ques-
daughters of any generation are asymmetric, with one receiuion.
ing a fractiony of the flow and the other a fraction (1y). The application of regional blood flow heterogeneity to
Figure 4 shows the results for one and two bifurcations.  pharmacokinetics has resulted in the homogeneous-

This way, the fraction of flow in a given branch can be heterogeneous distribution model developed by Macheras
calculated as a fraction of initial flo®,, generation number [9], who divided the distribution of drugs in the body into
n and flow parametey. Here k takes integer values from 0 two categories. First, that which occurs under homogeneous
to n [28] such that (“well stirred”) conditions, and second, that which occurs

under heterogeneou$under stirred”) conditions. The first
F=y51-9""*F,. (1) type of distribution takes place in the upper half of Fig. 5,
] where the rate of flow is simpl{,. The second type of
The frequency of each value is distribution takes place in the lower half of the diagram, in
the deep tissues, where the vascular branching is profuse.
- 2) Description of distribution under homogeneous conditions
kf(n—k)! can be done using classical kinetics, while fractal kinetics
) ) should be applied to distribution under heterogeneous condi-
and the mean flow after generations is tions. Thus the combined, comprehensive model for the dis-
F tribution of a drug would involve both types of kinetics.
_0 (3y  Before examining the form of this model, we need to inves-
2" tigate the nature of fractal kinetics.

Simulations carried out with the use of equal to 15 Classical transport theories, and the resulting mass-action
(which corresponds to 32 768 terminal branghesulted in  kinetics, applicable to Euclidean structures do not apply to
distributions that were slightly skewed to the right, which istransport phenomena in complex and disordered media. The
consistent with experimental dafd2]. The discovery and geometrical constraints imposed by the heterogeneous
quantification of the fractal nature of regional blood flow hasfractal-like structure of the liver strongly modify diffusional

(I-7)Fo

FIG. 4. Asymmetric fractal branching model where fractions
and (1- ) of total flow F, are distributed to daughter branches,
shown for(a) one bifurcation andb) two bifurcations.

n!
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FIG. 6. Two identical fractal containers, with identical macro-
scopic concentrations of reacting molecules, but with different in-
stantaneous reaction rates. The probability for instantaneous reac-

. ._tion is obviously higher in the container on the left due to the
FIG. 5. A complete vascular network used to describe the dis- y 9

_ ; S difference in the distribution of substrate molecules.
tribution of drugs in the body@ The distribution in well-perfused
tissue takes place under homogeneous condititms’he distribu-
tion in deep tissue takes place under heterogeneous distrij@iion

Heterogeneous reactions taking place at interfaces, mem-
brane boundaries, or within a complex medium such as a

dynamics[17]. Topological properties such as connectivit fractal when the reactants are spatially constrained on the
y - 10poiog brop Y, microscopic level culminate in deviant reaction rate coeffi-

presence of loops or dead ends, etc., play an important rOI%ients that appear to have a sort of temporal memory. The
hence, it is to be expected that media having dif'ferentdimen(-:Om éctnesspgf the low-dimensional ranl?jom walk irr)(. lies
sions or even the same fractal dimensions, but different spec- P P

tral dimensions, could exhibit deviating behavior in diffu- Irgﬁgigt;ﬁc;ggﬁlr?g ?rggt;r-lliIfgtggggo?\bser;?g:nThaecrdc::tcr(i)bplf
sional propagation. ) Y

Moreover, the statistical probability accounting for the eX_'uon of reactants becomes less random on a mesoscopic scale

istence of adjacent reactive pairs must be considered. Thldsue to the formation of depletion zones around the traps

probability factor is the pair distribution function for the re- resulting in a self-ordering or self-unmixing of the reactants

. round traps—a spontaneous segregation of the reactants oc-
active molecules. These two related concerns are addressgqO P P greg

in the microscopic concept of an exploration volume of acur_lr_|rr]19 at tégtkl I20\_/v ?nd E'?hgonceqtratl'%[@’lq: | val
migrating random walkerdrug particl¢ within the fractal thee Cr?(:nosr;en:: o?usr:alf—gr Znailziartlié)cnaoflm(znrségrc]?ar:/t&; qur
(liver), or otherwise described as the mean number of distinc 5 ph le of th if 9 AR e q
sites S visited on the fractal at some resolution. A scaling. s> 2, the scale of the seli-organization Is microscopic an

- ) l - -
relationship for the spectral dimension that inclu&s in- mdepenqent of time, such thﬂt)o{.t ('TQ‘ Ilneaq and k.
troduced vig17] = d9Ydt is a constant so the reaction kinetics is classical.

Below the critical dimension, mesoscopic density fluctua-
S(t)octls’2 4) tions of the drug become relevant and dependent upon the
' reaction rate coefficient, wherel&is sublinear of the form

where timet is proportional to the number of random walk in ﬁqd(4|)s low (<2), then a random walkedrug is likel
steps, such that that diffusion is monitored by the spectratl0 stasat its o(r' 'ngl icinity and will eventuall recros)s/ its
dimension. Notice that for low spectral dimensions, the ran- tartiny olint—lg:icrogéol ilcybehall/\i”or c\gndtljciv{e o rodlIJce
dom walk will be compact. Subsequently, the macrOSCOpinnesos%op ic depletion zoFr)1es around tr mes elsg, at
reaction rate, which is given by the time derivativeSit), P P apwy ’

sometimes described as the efficiency of the diffusing, react{-?'gher spectral dlmen§|ons>_(2), a “”?”dom Wff:llker has a
ing, random walker, will be inite escape probability—microscopic behavior conducive

to rerandomize the distribution of reactants around a trap and
ds(t) reple'te the sppply of reactive pairs, and thgs a stable macro-
k(t)o ——octds2-1=¢~(1-ds/2) (5)  scopic reactivity as attested by the classical rate constant

dt [33,34.

The metabolism of mibefradil will be presupposed here-
for transient reactions. While strictly valid for low concen- after to follow the bimolecular annihilating trap reaction
trations C—0) as an asymptotic time limit, EQS) is rap-  within a fractal liver. Furthermore, a constant concentration
idly approximated for realistic concentratiod?7]. This of g metabolizing enzymeE—[E], is presumed to be
time-dependent rate constant, is the manifestation of thgresent in the liver such that the reaction is expected to have
anomalous microscopic diffusion in a dimensionally re-pseudomonomolecular kinetics where oflythe concentra-
stricted environment leading to anomalous macroscopic Kitijon of drug varies in time. Using Eq(5), the form of the
netics. Consequently, chemical rate laws are a direct reflegyseudo-first-order rate coefficient for the metabolism of

tion of the spatial distribution of particldd8,19 (see Fig. mibefradil is assumed to be of the power-law form:
6). In particular, the classical rate law reflects a random Hert-

zian distribution, that is one in which the probability of the k(t)y=xt™ (1792 =pt~¢ t>1, dg=2, (6)
nearest neighbor of a given patrticle, to be found at a distance
r in a given direction, peaks at=0. where k=f(E) and is taken to be constant for the experi-
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Qp 7 Q
O Blood Vb Cb EE— %:_chb—’_g %C‘F%Ch (8)
dt SRR T
. Q where X, is the amount of drug in the blood ar@;, i
‘ Tissue, Vi G Py (e =h,1,...,n are the tissue drug concentrations. The drug
mass balance differential equations for the noneliminating
. tissue compartments are
dX; Qi
l«———  Tissue, Vi, G, Py ) W:Qicb_ Eici ) 9
while for the metabolizing liver compartment
Liver Vi Cu Py kop dX, Qn
CLepatic gt~ QnCo— R_hCh_ CLnCh, (10

FIG. 7. A simple flow limited physiologically based pharmaco- \yhereC L;, is the hepatic clearandg9,4q.
kinetic (PBPK) model where clearance of the drug occurs only in  consider the pharmacokinetics of the model after an in-
the liver by fractal kinetics. travenous bolus injection into the blood, such tia(0)
: =X?2=dose andX;(0)=0Vi=#b are the initial conditions of
mental data and €[0,1) is an unknown parameter to be the bsystem. Thel(he)patic clearance is describe® bsCy,

fitted by the experimental data. =kC,;,, provided the metabolism of the drug is a first-order
To the best of our knowledge, so far there has not been a ; S . .
rocess inCy as a trap annihilation reaction andis the

paper published explaining the mathematical methods foErst-order rate coefficient. The rate coefficient is assumed to
implementing fractal kinetics nor any other time-dependen e time dependent of the fork=k(t)= xt %, as a result of

kinetic coefficients for pharmacokinetic muIticompartmentaIthe metabolism occurring within a fractal environment
models. A simple approach for including, within a multicom- . urrng ’
partmental model, time dependence of the transfer coeffiWhereK IS constant in time and <[0,1). Now the. mass
cients that vary continuously with the age of human patient?alance differential equation for the metabolizing liver
was described by Eckermaat al. [35], but time dependence adopts the form

was over periods much greater than a single dose. This sim- dX Q
plified the mathematics such that there was no time depen- —h=Qth—(—h+Kt‘4)Ch. (11)
dence of coefficients for the time course of a single dose. dt Rn

Within a physiological model, over a very long time scale of
98 days, Farrigt al.[36] introduce time-dependent compart-
ment volume changes due to growth in the studied rat modéei
system. Finally, Macherg®] introduces the explicit use of -, s o S S
time-dependent drug disposition, motivated by the microvas- X'=AMX, X(0)=X, C=V"X, (12)
cular fractal networks of the body, within what is ostensibly . ) ) )
a noncompartmental approach but is mathematically an¥here X=[X, Xy, ... Xy Xn]" is a (n+2)-dimensional
conceptually equivalent to a one-compartment model. column vector of the dependent state variables,
Presented below is a simple physiologically based phar=[X2,0,...]" is a (y+2)-dimensional column vector of
macokinetic mode(PBPK) [37,3§ containing an eliminat- constants describing the initial conditiond,=&;V;, i

The set of homogeneous linear first-order differential
quations may be described with a concise vector notation as

ing compartment with a time-dependent rate of elimination=b,1, ... »,h, is a constant matrix of the compartment vol-
based on fractal kinetic@ee Eig. 7. umes, A(t) is a matrix describing drug pharmacokinetics
The total blood flow is defined as with at least one time variable component @& X; /V; are

compartment concentrations.

Since a system of »f+2) first-order equations with at
least one variable coefficient is equivalent to a general (
+2)th-order differential equation, for which exact closed-
whereQy, is the blood flow into the liver an@®; is the blood form solutions exist only rarely when the order is greater
flow into a noneliminating tissue. The blood:tissue partitionthan or equal to 2, solutions for E@L2) typically remain
coefficient is taken to be a constant for each compartmentlusive. Considering that for a PBPK model there may be
such thatP;=C;/C,, i=h,1, ... ,. Any drug binding that any natural numbe#; of noneliminating tissues and that the
occurs in the blood or a tissue is assumed to be linear andnknown parametef may have a range of fractional values,
independent of time, such th&,=BC;, whereC; is the  a general closed-form exact solution is impossible because

n
Qb=Qh+§1 Qi (7

concentration of the free unbound drug. will be a nonconstant matrix of differing sizes. Now, while
The relevant drug mass balance differential equation fosystems of differential equations may be solved numerically,
the blood compartment is then e.g., by Gear’s method for stiff differential equatiofkl],
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1.5 The substitution of the series form of the coefficient matrix
L0 Eqg. (16) into Eq. (14) establishes the equivalence of terms
: for each power off between the left- and right-hand sides,
0.5 _ such that
t
Fn® (] 200 400 600 800 1000 1200 1460 i X! = % _l)n(mt)nax g"% % 17)
0.5 Time (min) e = Tt s

FIG. 8. A comparative graph indicating that the series expansiorwhich leads to the following identities:
Eq. (15) rapidly converges over the domain bSpanning the ex-
perimental abscissal data for an experimentally relevant valyde of éVo. K= A-X
: 0~ 300

said techniques depend upon input values for all of the pa- L oo - -

rameters, some of which may not be known. I Xp=AgXy+ A1 X,

IV. AN APPROXIMATE ANALYTICAL SOLUTION BY % Xp=AoXpt AXy+ AxXo,
PERTURBATION METHODS

If the influences of fractal kinetics in the liver are second- s i A (18
in—i -

ary, as is expected, thenwill be a small parameter, such ' =
that in the limit as{—0, the familiar classical annihilation :
S . 2t . o
k!net!cs S rgstored Sincet *—«. With this view, fractal The zeroth-order perturbation equation from E8) de-
kinetics within the dog model liver can be considered a per-__ . . . . .
scribing a system of homogeneous first-order linear differen-

turbation of classical kinetics and the solution of the pharma:. . : : :
o tial equations, incorporates all of the relevant information of
cokinetic system may be assumed to be of the form

the PBPK model if the drug kinetics within the liver were
o assumed to be classical. Becaugds a matrix with constant
)Z(t)z 2 g”)Zn (13) coefficients and the initial conditions are known, a solution
n=0 may be obtained, analogous to a single homogeneous first-
- . - R order linear differential equation, of the form
for the initial conditionsXy(0)=X and X,(0)=0Vn=1,
where the zero-order teri, fulfills the original initial con- Xh=AgXo/\Xo(0)=X = Xo(t)=e''X. (19
ditions alone and all terms must submit to the physical
boundary condition ofX,(t—)=0Vn. Becausel is a After substitution of Eq(19) into the first-order perturbation
small number, larger powers af and the corresponding €duation of Eq.(18), aﬁnonhomogeneous first-order linear
higher terms of the above summation are expected to hawdifferential equation;Xy being the inhomogeneity, is ame-

relatively small magnitudes. nable to solution by the method of variation of parameters
Notice that sincel is a free parameter independenttpf _ . . R R _
after a substitution of Eq13) into Eq. (12), which gives Xi=AgX1+ A1 Xy, X(0)=0 =Xy(t)
> =AM D, "Kn, (14 =e'd f e oAy () Xg(t)dt. (20
n=0 n=0

The iterative process of perturbation theory replaces the
original intractable differential system E@l2) with a se-
coefficient matrix,A(t,{) containing a term proportional to quence of tractable_mhomogeneous equat|ons. Generally, the

nth-order perturbation equation has a solution based upon

t"%, the aforementioned equalences are qbscured. Usmg'aﬂ;{e solutions of all the previous perturbation equations, such
approach where the recalcitrant term implied by fractal ki-

an equivalence of terms for each power dfetween the left-
and right-hand sides of Eq14) is implied. But with the

S - . ) - that

netics is approximated as a Maclaurin series expansion in the
variable, produces results useful in perturbative methods, n

*° (_1)n 1 XI;:iZO AIxnflv Xn(O):O

ti=> (INH)""=1—(Int) ¢+ =(Int) 22— - .
o Nt 2 =X,(t)
(15 "
n

Importantly, this _expansion. of ¢ is local in'g (groundg =e‘\0‘f e—r\ot(E Ai(t)ini(t)>dt- (21)
=0), but global int (see Fig. 8 After substitution of the i=1

series expansion df ¢, the coefficient matrix is obtained as ] _ o
The final, closed-form analytical description of the proposed

A(t,0)=Ag+ EEAL (1) + 2A5(0) + - - - . (16)  PBPK model is established such that
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Measurements Fractal

o Central
S C artment
Compartment omp en

X, X,

(=0 (>0

1.V. Bolus

FIG. 10. A numerical plot sketch using experimentally relevant
Time Dependent numerical values for the parameters to qualitatively suggest the per-

Elimination |k =k turbative effects of fractal kinetics on the trajectory in the phase
plane for the model system using E¢83) and (24).

FIG. 9. A diagram of a two-compartment model where the 'n'lnitial conditions areX,(0)=X and by substitution 0K, (0)
travenous bolus source enters, and measurements are taken from the

central compartment. The secondary compartment is considere%ﬂd&(o) mtq Eq.(23)_ Xl_(o)__k21X’ while _an addltlongl
fractal with a time-dependent rate of elimination. p! yS|caI. requwement IS lim..X,(t) =0. Despllte a potential
singularity in Eq.(26) att=0, a phase portrait of the corre-
sponding system of first-order differential equations, Egs.
(23) and (24), indicate a stable trajectory for the solution
towards a nodal sink at—o as yielded by the particular
initial conditions for this mode(see Fig. 10

For clarity we change notation where we usdor X;, a
or k,,, andb for k;,, such that

X(t)~Xg+ {Xy+ Ko+ -+ "X, . (22

By a consideration of the uncertainty of the experimenta
data, a rational decision regarding the maximum ordef
the perturbation terms that is warranted for inclusion may bq
reached.

¢"+(at+b+kt )¢’ +akt ‘p=0. (27
V. MODEL PREDICTIONS AND COMPARISON TO

EXPERIMENTAL DATA Since we expect the influences of fractal kinetics in the frac-

We intend to subject the method described above to scrif2l compartment to be minor correctiordsis a small param-
tiny by making a direct comparison to experimental data. Weeter and the solution of the pharmacokinetic system can be
assume that the liver is a fractal compartment being the sitdssumed in the form
of elimination of mibefradil and the remaining compartments
are Euclidean as shown in Fig. 9. ”

Here the drug mass balance differential equation for the ()= ZO (), (28)
central compartment is taken to be "~

d%, such that
T Ko X1 +KoXy,  X1(0)=X=dose. (23

¢'(t>=n§0 gt A ¢"<t>=n§0 {"gr(t). (29

The drug mass balance differential equation portraying the
fractal compartment is

dx Following substitutions of terms of the differential equa-
b _ _ _ tion (27) with the expansions obtained above an equivalence
dr - TReXamkiXomkeXo, Xa(0)=0, @4 (Rt Cor each power of may be recognized, which
yields the identities,

whereC;=X; /V;, ky;, andky, are positive first-order trans-

fer rate constants, arkj, is an elimination coefficient. The % po(0)=2X, $4(0)=—ad,

elimination coefficient is assumed to be time dependent as

implied by fractal kinetics, such that " ,

Pot(a+b+k)py+akepy=0,
k02: kt_g, k> O, (25)

&t $1(0)=0, ¢1(0)=0,
where e (0,1]. Since concentration measurements were
drawn from the central compartment, only a solution for that
space need be elucidated. By isolating Xgrin Eq. (23) the
following homogeneous second-order linear differential
equation with variable coefficients describing the drug con-
centration in the central compartment is obtained:

@1+ (at+b+k)p;+ake,=k(Int) pi+ak(Int) ¢g,
(30)

14 (Kaat Kyo+ Kt 9) X +kakt ™ ¢X;=0. (26) " $,(0)=0, ¢,(0)=0,
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FIG. 11. Comparative graphs of the first three terms impelled by

the series of equalities in E¢30) for the pharmacokinetic model : A )
q 40 P turbation series implied by a two-compartment model with fractal

employing illustrative values &, b, k, andX. Notice that the initial L Lo . — )
conditions for the higher-order perturbation terms are met at thé('ne“CS In the eliminating compartment for trial IV-PV-D@ntra

origin. The solution implied ish(t) ~ d(t) + £y (t) + L2eba(t). venous dose—portal vein sample site—dog 2.

FIG. 12. Mibefradil time course data fit with a three-term per-

For a concrete comparison to the experimental data of

n .
" , (-1t - Ref.[22], a three-term expansion approximation to the solu-
¢n+(a+b+k)¢n+ak¢“:i21 il k(Int)' dt tion of the differential equation Eq27) was adopted in the
form
T én-i- ()=o) +{pr(D)+Phy(t), (<1, (33

. . and compared to the pharmacokinetic data using the tech-
The zeroth-order perturbation from ERO), describes a i eq of nonlinear fits with a global optimization method
classical two-compartment open model if the elimination k"(see Fig. 12 The best-fit values for the small parameter
netics within the secondary compartment were assumed to Qﬁereg =0.084, {pp=0.092,{p3=0.111, andlp, = 0.043
classical. The solution is in the form of a sum of exponentials,, dogDé numbe;e321—4, reépDegétively. The astt)Iute dis7crep-

9 eSitt et - ancies estimated by the chi-squared function agg~17,
bo(t) = 1870+ F,%2, (31 XZDZ~ 10, X2D3~ 14 andX2D4~23.

Because the pharmacokinetic model E2B) is nonlinear
wheres; ands, are negative coefficients that are a functionwith respect to the unknown parameters, to establish the
of a, b, andk, while ¢, and ¥, are real coefficients that are variance of the fitted small parametgr, synthetic sets of
functions ofa, b, k, and X. data via Monte Carlo methods were fabricated. While a stan-

The contributions from the second and all higher-orderdard bootstrap approa¢h3] is based upon resampling meth-
equations are calculated based on the results under solutigyps whereby sets i data points are randomly selected with
in Eq. (31). Success of the method of integration by the eniacement from the original set of daf, this technique
variation of parameters used for the postzero terms, depends o, plesome for the pharmacokinetic data studied here.
on integrals of the form Since the data setsee Fig. 1Bare rather small and with a

particular lack of sampling at early times when rapid changes
| :J (Int)"ed (32) in poncentration occur, and a data set missirjg influential data
n ' points would prejudice calculations, synthetic data sets more
reflective of the experimental data sets were devised. A

where d(a,b,k) is some constant. While these solutions andGaussian distribution centered at each point®# with a
their derivatives exist, they are expressed in terms of specigtandard deviationg;=0.0C;, i=1, ... N, allows for new
functions[42]: Euler gamma functiol’( 6t), exponential in- data sets, still possessing the inherent uncertainties but with-
tegral functionEi(#6t), and the generalized hypergeometric out duplications or omissions, to be created.
functioonq(;,E, ot). A practicfa!ly manageable numbed =300, of synthetic

It is disappointing that the analytical solution to the fractaldata setsgz, i=1,... N, were pseudorandomly generated
compartmental model, assembled with the perturbatio®y computer for each dog data set and fit. A resulting
terms, quickly becomes very complicated because this bluntsl-dimensional distribution of fitted parametersa, i
a touted advantage of this approach. The behaviors of the1,... N, corresponding to different chi-squared values
first three perturbation terms are shown in Fig. 11. Also, thecan be observed over one intersecting plane in Fig. 14. The
variable ¢ introduced in Eq(27), may just as well be inter- one-dimensional confidence intervals for the parameters are
preted as a concentration of the drug in the central comparindicated by the appropriate projections of the region onto
ment for the remainder of this work, sin€y =X, /V;. the axes.
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P model was proposed and elucidated incorporating at least
one heterogeneous component following fractal kinetics. Af-
ter a local series expansion of the time-dependent rate con-

N
2R
e

Dog Model Early Time-Course Data

g "

-.% 300 . Dogl + =~ -Dog3 stant aroundZ=0, assuming that the fractal effects on the
£ L. Dog 2 A- -Dog 4 time-dependent rate constant were small, approximate ana-
§ 200 Iytic solutions to the model, differential mass balance equa-
S tions were derived by perturbative techniques. As a concrete
o0 application of our methodology, the pharmacokinetics of
E 100 | mibefradil in a dog model system was scrutinized.

Since the physiology of the liver supported the hypothesis
that mibefradil may experience a fractal-like environment
20 40 Ti 60 80 100 within, fractal kinetic theory suggested the adoption of a

ime (min) . ;
time-dependent rate constant, with power-law form, deter-

FIG. 13. An inspection of the very early time behavior of the Mined by the spectral dimension.
concentration time-course data for each dog indicating the initial Mibefradil concentration-time course data were analyzed
increase in drug concentration occurs over a shorter time than th&ith a mathematically analogous multicompartment model
resolution of the experiment. with the goal of measuring the effective spectral dimension

of the dog liver. Estimates were2=1.832+0.040, d2?

The best-fit values for the small parametér,including  =1.816+0.028, d°3=1.778+0.032, and d2*=1.914
uncertainties, were: {p;=0.0840.020, {p,=0.092 +0.056, for the four dog data sets, though these results are
*=0.014, {p3=0.111+0.016, and{p,=0.043+0.028, for  not enthusiastically endorsed by the chi-squared test statistic
dogs 1-4, respectively. This implies, by E@®), that the for the adopted experimental uncertainty. Yet, it is proffered
calculated values of the spectral dimension for each of théhat heterogeneous processes of drug distribution and reac-
dog livers are:d2'=1.832-0.040, d2?=1.816+0.028, tion in the liver can obey principles of fractal kinetics. The
d23=1.778+0.032, andd?*=1.914+0.056. A quick com- values of the fractal dimension obtained through this analysis
parison indicates that there is near agreement amongst all afe consistent with the ultrasound experiment results ;of
the results to within experimental and theoretical uncertainty=2.0.

To account for the observed experimental deviations we
V1. DISCUSSION AND CONCLUSIONS comment that the adopted experimental uncertainty of 9%
was likely to be too conservative or that it was not normally

In this paper we presented an approach to the base phatistributed. Indeed, a further consideration of the uncertain-
macokinetics in a multicompartment system by including theties of the data is warranted. For example, since the slope is
presence of a fractal organ. We have argued that the livego steep during the initial peak phase of the experimient,
where most of the enzymatic processes of drug eliminatior<25 min, even small uncertainties in the measurement
take place, has a fractal structure. Hence, we expect transpaiitnes, which we assumed to be zero, would produce large
processes as well as chemical reactions taking place in théncertainties in the concentration measurements. Addition-
liver to carry a signature of its fractality. A general PBPK ally, the intrinsic uncertainties of the biological model sys-
tems are likely to produce outlying data points that conspire
to indicate low goodness-of-fit tests. This lack of predictabil-
ity may arise from different sources; these include system
instability, environmental fluctuations due to effects outside
of the systems modeled, and measurement uncertainties. Be
sides containing mundane signal and noise, irregular time
series may be chaotic—irregularities produced by the intrin-
sic deterministic dynamics of a nonlinear biological system
[44]. The least-squares fitting, linear or nonlinear, is a maxi-
mum likelihood estimation of the fitted parameters, if the
measurement errors are independent and Gaussian distrib-
uted and may not have been ideal for the data sets used.
Perhaps a reanalysis of the data is justified within the context
of robust statistics—statistics that are less sensitive to noise
within the data45-48.

0.0010 Considering that this paper favors the interpretation that
o¢ the kinetics of mibefradil are affected by the fractal structure
¢ of the liver that consequently reduces the rate of metabolism

and clearance of drug over time, the question of why nature

FIG. 14. The confidence region intersecting the plane in  would design the liver in such a way is raised. Now while
parameter space for trial IV-PV-D2, indicating an ellipse of 90%there is no performance advantage over a well stirred, clas-
confidence. sically imagined compartment, one with a rate constant due
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to a uniformly random distribution of drug and enzyme, such  This possibility would not be out of line with other ex-

a compartment may well be impossible to achieve under bioamples of optimization in biological design. In fact, a hy-
logical designs and the implied comparison is therefore an ilpothesis has been put forward, called the hypothesis of sym-
posed ong49]. It may be that the fractal liver design is the morphosism which states that biological systems achieve a
best design possible, such that comparisons against nonideghte of structural design commensurate to functional needs
theoretical models, as a poorly stirred sphere with enzymegesyiting from regulated morphogenesis such that the forma-
adhered along the inner wall, are favorable. For example, thgon of structural elements satisfies, but does not exceed the
fractal structure, with many layers of membrane at its imef‘requirements of the functional systdi%0,51. Examples to
face, allows the organ to possess a high nunibencentra-  sypport this hypothesis have been discussed, which range
tion) of enzymes, thus giving it a high reaction rate despitefrom enzyme systems and muscle cells, to the nervous sys-
time-dependentdecay fractal kinetics. Indeed, the intricate tem and the respiratory systd2,53. It is quite plausible
interlacing of a stationary, catalytic phase of hepatocyteghat the liver design is optimized for the elimination of toxic

with a liquid phase of blood along a fractal border is whatsybstances through effecient enzyme action on a fractal ob-
reduces the required diffusional distances for reactions tgact,

take place with any appreciable celerity. Moreover, the com-
plicated structure of the liver, which provides for a huge
interface between drug and hepatocytes, may be generated
quite simply during the growth of the liver. The fractal form
may be parsimoniously encoded in the DNA, indirectly The authors express gratitude to Dr. Y. K. Tam for making
specified by means of a simple recursive algorithm that inthe data sets from his experiments available for our study.
structs the biological machinery in how to construct the liver.Useful discussion with Dr. Y. K. Tam and Dr. D. Ridgway of

In this way, a vascular system made up of fine tubing with arKinetana Inc. are gratefully acknowledged. The assistance
effective topological dimension of one may fill the three- and advice of Dr. S. R. Lele in the statistical data analysis is
dimensional embedding space of the liver. These possibilitiemuch appreciated. This research was supported by NSERC
reveal that the structure of the liver may be necessarily thaand MITACS as part of the project “Mathematical Model-

of a fractal. ling and Pharmaceutical Development.”
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